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Abstract. We describe a class (called regular) of invariant generalized 
complex structures on a real semisimple Lie group G. The problem reduces 
to the description of admissible pairs (l,cu), where t C g c is an appropriate 
regular subalgebra of the complex Lie algebra $j c associated to G and w is a 
closed 2-form on t, such that Im (^|£ n g) is non-degenerate. 

In the case when G is a semisimple Lie group of inner type (in particular, 
when G is compact) a classification of regular generalized complex structures 
on G is given. We show that any invariant generalized complex structure on a 
compact semisimple Lie group is regular, provided that an additional natural 
condition is satisfied. 

In the case when G is a semisimple Lie group of outer type, we describe 
the subalgebras t in terms of appropriate root subsystems of a root system 
of C and we construct a large class of admissible pairs (t, u) (hence, regular 
generalized complex structures of G). 

1 Introduction 

Let M be a smooth manifold. We will denote by TM = TM © T*M the 
generalized tangent bundle of M, defined as the direct sum of tangent 
and cotangent bundles, and by g can the canonical indefinite metric on TM, 
given by 

gc*n(X + £,Y + ri):=±(Z(Y)+ri(X)), VX + £,Y + V e TM. (1) 

A generalized almost complex structure [HI [9] on M is a g can -skew- 
symmetric field of endomorphisms 

3 : TM -> TM 
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with 3 2 = —Id (where "Id" denotes the identity endomorphism) . A general- 
ized almost complex structure 3 is said to be integrable (or is a generalized 
complex structure) if the i-eigenbundle L = T 1,0 M C (TM) C of 3 (called 
the holomorphic bundle of 3) is closed under the complex linear extension 
of the Courant bracket [•,•], defined by 

[X + e, Y + rj] := [X, Y) + L xV - L Y i - U (rj(X) - £{Y)) , (2) 

for any smooth sections X + £ and Y + rj of TM. Complex and symplec- 
tic structures define, in a natural way, generalized complex structures and 
many definitions and results from complex and symplectic geometry can be 
extended to generalized complex geometry This paper is concerned with 
invariant generalized complex structures on Lie groups. 

Section [2] is intended to fix the notations and conventions we shall use 
along the paper. We recall basic facts we need about real and complex 
semisimple Lie algebras, invariant complex structures on homogeneous man- 
ifolds and generalized complex structures on manifolds. Our approach follows 

closely p [JJJl US]- 

In Section [3] we present an infinitesimal description of invariant general- 
ized complex structures on Lie groups, in terms of the so called admissible 
pairs. The holomorphic bundle L of an invariant generalized complex struc- 
ture 3 on a Lie group G, with Lie algebra q, can be defined in terms of a pair 
(t,co) (called g-admissible), formed by a subalgebra f C § c and a closed 
2-form oj G A 2 (t*), with the property that u\ := Im (to\[) is non-degenerate, 
where I = fi D Q is the real part of I D t. The general theory of closed forms 
defined on Lie algebras was developed in [2]. At the end of this section we 
assume that t decomposes into an ideal p and a complementary subalgebra 
s and we find necessary and sufficient conditions for a 2-form u> e A 2 (£*) 
to be closed (see Proposition [10]). This result gives a distinguished class of 
admissible pairs (see Proposition [TTj) and will be used repeatedly in the next 
sections. 

In Section H] we begin our treatment of invariant generalized complex 
structures on semisimple Lie groups. An invariant generalized complex struc- 
ture 3 on a semisimple Lie group G and the associated g-admissible pair (£, uj) 
are called regular if t is a regular subalgebra of $j c , i.e. is normalized by a 
Cartan subalgebra f)g of g = Lie(G). We describe all regular g-admissible 
pairs (hence also the associated generalized complex structures on G) where 
q is a real form of inner type and f)g is a maximally compact Cartan sub- 
algebra of g (see Proposition [TS] and Theorem [TO]). We study how these 
generalized complex structures can be reduced to the normal form by means 
of invariant B- field transformations (see Proposition [T8|) . At the end of this 
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section we show that any invariant generalized complex structure on a com- 
pact semisimple Lie group G, with Lie algebra q, is regular, provided that 
the Lie algebra t of the associated g-admissible pair has the property that 
t fl Q generates a closed subgroup of G (see Theorem [THD • 

Section |5] is concerned with regular generalized complex structures (or 
regular admissible pairs (t, u)) on simple Lie groups G of outer type, using the 
formalism of Vogan diagrams. The classification of the subalgebras £ reduces 
to the description of the so called cx-positive root systems (see Definition [T3]) . 
We describe explicitly these systems and we obtain a large class of regular 
generalized complex structures on G. 

The results of Sections H] and [5] may be seen as complementary to some 
previous constructions of invariant generalized complex or Kahler structures 
on some classes of homogeneous manifolds (e.g. nilpotent or solvable Lie 
groups and their compact quotients [HEEE], homogeneous manifolds G/K, 
where G is a compact Lie group and K a closed subgroup of maximal rank, 
and adjoint orbits in semisimple Lie algebras [H]). They also complement 
a result of M. Gualtieri, namely that any compact semisimple Lie group of 
even dimension admits a iJ-twisted generalized Kahler structure (see Exam- 
ple 6.39 of 0). 

Acknowledgements. We are grateful to Paul Gauduchon for his interest 
in this work and discussions related to the theory of real semisimple Lie 
algebras. We thank the referee for his useful suggestions and comments and 
for pointing to us the articles [1] [7J [H] . This work is partially supported by a 
CNCSIS - PN II IDEI Grant, code no. 1187/2008, and Hamburg University. 

2 Preliminary material 

2.1 Invariant complex structures on Lie groups and 
homogeneous manifolds 

2.1.1 Invariant complex structures on homogeneous manifolds 

The Lie algebra of a Lie group will be identified as usual with the tangent 
space at the identity element or with the space of left-invariant vector fields. 

Let G be a real Lie group, with Lie algebra g, and L a closed connected 
subgroup of G, with Lie algebra I. Suppose that the space M = G/L of left 
cosets is reductive, i.e. $j has an Ad^-invariant decomposition 

fl = [©m. (3) 
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We shall identify m with the tangent space T Q M at the origin o = ei6 G/L. 
An invariant complex structure J on M is determined by its value J a at o, 
which is an Ad^-invariant complex structure on the vector space m = T Q M. 
Let m 1 ' and m 0,1 = m 1 ' be the holomorphic, respectively anti-holomorphic 
subspaces of J Q , so that 

m c = m i,o em o,i (4) 

The invariance and integrability of J mean that t = l c + m 1,0 is a (com- 
plex) subalgebra of g c . Conversely, any decomposition (TJJ of m c into two 
vector spaces m 1 ' and m 0,1 = m 1 ' such that t = [ c + m 1,0 is a subalgebra 
of q c , defines an invariant complex structure on M. We get the following 
well known algebraic description of invariant complex structures on reductive 
homogeneous manifolds. 

Proposition 1. Let M = G/L be a reductive homogeneous manifold, with 
reductive decomposition |3j). There is a natural one to one correspondence 
between: 

i) invariant complex structures on M; 



ii) decompositions m c = m 1,0 © m 0,1 , where m 0,1 = m 1 ' and t = l € + m 1,0 
is a subalgebra of q € ; 

Hi) subalgebras tc g c such that 

In particular, if M = G is a Lie group, there is a one to one correspondence 
between invariant complex structures on G and decompositions 

„C _1,0 m -0,1 

= S ©0 , 
where 1 ' and 0,1 are subalgebras of C and 0,1 = 1,0 . 

2.1.2 Some basic facts on semisimple Lie algebras 

We fix our notations from the theory of semisimple Lie algebras. 

Complex semisimple Lie algebras. Recall that any complex semisim- 
ple Lie algebra C has a root space decomposition 



C = h + 0(i?) = h + ^ 0Q 
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with respect to a Cartan subalgebra f), where R C h* is the root system of 
g c relative to f) and for any subset P C R we denote by g(P) the direct sum 
of root spaces 

0(P):=^ 0Q . 

Along the paper we will denote by E a G g a the root vectors of a Weyl basis 
of q(R), which have the following properties: 

i) 

(E a ,E^ a ) = 1, Vet G P, 
where P = (•, •) is the Killing form of g ; 

ii) the structure constants iV^ defined by 

[P a , = N aP E a+p , \fa,f3eR 
are real and satisfy 

N_ a ^ p = -N aP , V«,/3gP. 

We will identify the dual space h* with t) using the restriction (•, •) of the 
Killing form to h, which is non-degenerate on () and positive definite on the 
real form f)(M) of h, spanned by the root system R C t). For a set of roots 
P, we will constantly use the notation p s y m •.— p n (— P) for the symmetric 
part of P and p as y m := P \ p s y m for the anti-symmetric part. 

Real semisimple Lie algebras. Let g be a real semisimple Lie algebra. 
Its complexification g c is a complex semisimple Lie algebra and g = (g c ) a , 
that is, g can be reconstructed from g c as the fix point set of a complex 
conjugation or antiinvolution 

o : g ' > g '. x ->■ x, 

that is, a is an involutive automorphism of g c , as a real Lie algebra, and 
is antilinear. One can always assume that the antiinvolution a preserves a 
Cartan subalgebra f) of g c . Then hg = h CT := h fi g is a Cartan subalgebra of 
g. The antiinvolution a acts naturally on the set of roots R of g c relative to 

f), by 

a(a) :— a o a, Va G R 

and 

*(fla) =0a(a), V« G P. 
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The compact real form of a complex semisimple Lie algebra g is unique 
(up to conjugation) and is defined by the antiinvolution r (called compact) 
given by 

T lf)(IR) = -Id > T ( E a) = -E-a, Va e R. 

Assume now that g is a real form of g c , not necessarily compact. Consider 
a Cartan decomposition 

= t ©p 

of g and let 9 be the associated Cartan involution, with +1 eigenspace i and 
— 1 eigenspace p. The real form 

u = t ®ip 

is compact, the corresponding antiinvolution r commutes with 9 and g = 
(g c ) CT , where a := 9 or. A ^-invariant Cartan subalgebra f)g of g decomposes 
as 

& fl = b + ©fr, f) + c{, rep 

and any root of g c relative to (f)g) c takes purely imaginary values on t) + © 
. The Cartan subalgebra t)g is called maximally compact (respectively, 
maximally non-compact) if the dimension of t) + (respectively, f)~) is as large 
as possible. The real form g is of inner type if 9 is an inner automorphism 
of g, that is, it belongs to Int(g). The definition is independent of the choice 
of 9, since any two Cartan involutions of g are conjugated via Int(g), see e.g. 
PHI p. 301]. It can be shown that g is of inner type if and only if there is a 
(maximally compact) Cartan subalgebra t)g included in t, see e.g. [SJ p. 24]. 
Then 

a(a) = —a 

for any root a of g c relative to (hg) C - Any compact real form is a real form 
of inner type. 

A non-inner real form g (and the corresponding antilinear involution) is 
called outer. For such a real form, the Dynkin diagram of g c admits a non- 
trivial automorphism of order two, defined by the Cartan involutions of g 
(more precisely, any Cartan involution 9 permutes a set of simple roots of g c 
relative to (f)g) c , where hg C g is a maximally compact ^-invariant Cartan 
subalgebra, giving rise to the resulting automorphism of the Dynkin diagram, 
see [10J p. 339]). In particular, if g c is simple, then g c = A n , (n > 2), D n 
(n > 3) or Eq. The list of simple non-complex Lie algebras of outer type is 
short and it is given below (see [TU], Appendix C): 

sl n (R) (n > 2), s[ n (H) (n > 2), {so 2p+ i,2 q +i, 0<p< q}\{so 1A ,so 1)3 }, e 6 (f 4 ), c 6 
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For the real forms of the exceptional Lie algebra eg we indicate in the bracket 
the type of maximal compact subalgebras. A Lie group is called inner (re- 
spectively, outer) if its Lie algebra is inner (respectively, outer). 

2.1.3 Invariant complex structures on homogeneous manifolds of 
compact semisimple Lie groups 

Let F = G/K = AcIg{xo) C g be a flag manifold of a compact connected 
semisimple Lie group G, with Lie algebra g = {g c ) T , and K = T ■ L a 
decomposition of the stabilizer K into a product of a torus T and a semisimple 
group L. Let T' be a subtorus of T, such that the quotient T/T' has even 
dimension. The total space of the fibration 

7T : M = G/{L ■T')->F = G/K 

admits an invariant complex structure, defined by an invariant complex struc- 
ture on the fiber T/T' and an invariant complex structure on the base F, 
such that it is an holomorphic fibration. Moreover, any invariant complex 
structure on M is obtained in this way. 

More precisely, let f)g be a Cartan subalgebra of g included in t = Lie(K). 
The complexification of the 5-orthogonal reductive decomposition g = t © p 
of F = G/K is given by 

<? c = f) + ([n o ]), p c = q(r'), r' = r\[u ] 

where Ho C II is a subset of a system II of simple roots of g c relative to 
f) = (t)g) c and [Il ] := i?flspan(ri ) is the set of all roots from R spanned by 
Il . The Cartan subalgebra t)g decomposes into a _B-orthogonal direct sum 

f) fl = t © f) = t' © o © f) 

where t = Lie(T) and t' = Lie(T'). The complexification of the reductive 
decomposition of M — G/{L ■ T") is given by 

c = ([ + t ')C 0m c 

where I = Lie(L), [ c = $ + q([U \) and m c = a c + g(R'). 
Theorem 2. Hf 

i) The compact homogeneous manifold M = G/(L ■ T") described above 
admits an invariant complex structure defined by the decomposition 

m c = m 1 - © = m 1 ' © r^n 1 ' ), 
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where 

m ho = a i,o + fl(jR /_ ); Rl+ := R+ n {R \ [no])) 

i? + t/ie positive root system defined by IT and a 1 ' is the holomorphic 
subspace of a complex structure J a on a. 

ii) Conversely, any invariant complex structure on an homogeneous man- 
ifold of a compact, connected, semisimple Lie group G can be obtained 
by this construction. 

2.2 Generalized complex structures on manifolds 

In this paper we consider only generalized complex structures of constant 
type. 

Let 3 be a generalized almost complex structure on an n-dimensional 
manifold M. According to M. Gualtieri [8], the holomorphic bundle L = 
T 1,0 M C (TM) C of a can be described in terms of a subbundle E C (TM) C 
and a 2-form Q G T(A 2 (E*)) defined on E. We now recall this description. 

Note that L C (TM) C is isotropic with respect to the complex linear 
extension of g can and L © L = (TM) C . Conversely, any isotropic subbundle 
L C (TM) such that L © L = (TM) C defines a generalized almost complex 
structure d, whose complex linear extension to (TM) C satisfies 3\l = i and 
3\l = These considerations play a key role in the proof of the following 
Proposition: 

Proposition 3. JBl V- 49] A complex rank n subbundle L of (TM) C is the 
holomorphic bundle of a generalized almost complex structure 3 if and only 
if it is of the form 

L = L(E, Q) := {X + f G E © (T C M)*, £\ E = Q(X, •)} 

where E C (TM) C is a complex subbundle and uj G r(A 2 (£'*)) is a complex 
2-form on E such that the imaginary part Im(a)|A) is non-degenerate. Here 

A = E n TM C TM 

is t/ie rea/ part of E (1 E, i.e. 

A c = Ed E. 

Moreover, 3 is integrable if and only if E is involutive (i.e. its space of 
sections is closed under the Lie bracket) and d E u = 0, where d E is the exterior 
derivative along E. 
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The codimension of the subbundle E C T M is called the type of the 
generalized complex structure 3- 

Any complex or symplectic structure defines a generalized complex struc- 
ture (see e.g. [8]). Other examples of generalized complex structures can 
be obtained using 5-field transformations, as follows. Any closed 2-form 
B G Q 2 (M) (usually called a S-field) defines an automorphism of TM, by 

exp(B)(X + £) = X + i x B + £, VX + £gTM 

which preserves the Courant bracket (this follows from dB = 0). If 3 is a 
generalized complex structure on M, with holomorphic bundle L(E, u), then 
L(E,u + i*B), where i*B G A 2 (E*) is the restriction of (the complexifica- 
tion of) B to E, is the holomorphic bundle of another generalized complex 
structure exp(B) ■ 3, called the 5-field transformation of 3- Obviously, a 
B-field transformation preserves the type. 

The last notion we need from generalized complex geometry is the normal 
form of generalized complex structures [T3l p. 1507]. Recall first that an (al- 
most) /-structure on a manifold M is an endomorphism F of TM satisfying 
F 3 + F = 0. Let T°M, T 1,0 M and T 0il M be the eigenbundles of the complex 
linear extension of F, with eigenvalues 0, % and — % respectively. A (real) 2- 
form f] G Q 2 (M) is called compatible with F if t]c\t m is non-degenerate and 
Ker(?7c) = T l,0 M © T 0,1 M, where rjc is the complex linear extension of rj. A 
generalized (almost) complex structure 3 on M, with holomorphic bundle L, 
is in normal form if L = L(T°M ©T 1,0 M, iryc) for some almost /-structure 
and compatible 2-form rj. In the language of [8], this means that 3 P , at any 
p G M, is the direct sum of a complex structure and a symplectic structure. 

3 Infinitesimal description of invariant gen- 
eralized complex structures on Lie groups 

3.1 Admissible pairs: definition and general results 

Generalized geometry of Lie groups and homogeneous spaces already appears 
in the literature (see e.g. [H El El E] ) • It is known that invariant generalized 
complex structures on a Lie group G are in bijective correspondence with 
invariant complex structures on the cotangent group T*G, which are com- 
patible with the standard neutral bi-invariant metric of T*G [TJ p. 771]. The 
proof follows from the remark that the restriction of the Courant bracket to 
the space of invariant generalized vector fields (i.e. invariant sections of TG) 
coincides with the Lie bracket in the Lie algebra t*(jj) of the cotangent group 
T*G. 
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In this section we develop an infinitesimal description of invariant gener- 
alized complex structures on Lie groups in terms of the so called admissible 
pairs, which will be a main tool in this paperj^ 

Let G be a real Lie group. On the generalized tangent bundle TG we 
consider the natural action induced by left translations: 

g-{X + 0--={L g )X + io(L-%, VgeG, VX + f G TG. 

Definition 4. A generalized almost complex structure 3 on G is called in- 
variant if 

3(X + Z) = g- 1 -d{g-{X + 0), WgeG, VX + £ G TG. (6) 

The holomorphic bundle L = L(E,u) of an invariant generalized almost 
complex structure 3 is determined by its fiber L e at the identity element e G 
G, i.e. by a subspace t := E e C g c and a complex 2-form u := oj e G A 2 (t*). 
It is easy to check that the bundle E is involutive if and only if t is a complex 
subalgebra of $j c . Moreover, if E is involutive, then d^u = if and only if u; 
is closed as a 2-form on the Lie algebra £, i.e. for any X, Y, Z G I, 

(rf^)(X, Y, Z) := w(X, [y, Z]) + u(Z, [X, Y}) + co(Y, [Z,X)) = 0. 

This last statement follows from the following computation: for any X, Y, Z G 
i? e (viewed either as left invariant sections of or elements of t), 

(d E a)) e (X, Y, Z) = X (a)(Y, Z)) - Y (u(X, Z)) + Z (a)(X, Y)) 
+ w(X, [Y, Z]) + Q(Z, [X, Y]) + Q(X, [Z, X]) 
= (^o;)(X,Y,Z), 

where we used that u(Y, Z) and the remaining similar terms are constant 
(from the invariance of u>). 

To simplify terminology we introduce the following definition. 

Definition 5. Let q be a real Lie algebra, given by the fixed point set of an 
antiinvolution a(x) = x of g c . A pair formed by a complex subalgebra 
t C g c and a closed 2-form u G A 2 (£*) is called g-admissible if 



1 We thank the referee for pointing to us article [TT] , where an infinitesimal description 
of invariant generalized complex structures on homogeneous manifolds G/K, in terms of 
the so called generalized complex pairs (GC-pairs), was developed. When K = {e}, a 
GC-pair is an admissible pair. 
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i) ff = t + l; 

ii) U[ := Im(o;|rJ is a symplectic form on { = t fl g, i.e. it is non- 
degenerate (and closed). 

The following result, which is a corollary of Proposition |3l reduces the 
description of invariant generalized complex structures on a Lie group G to 
the description of g-admissible pairs. 

Theorem 6. Let G be a Lie group, with Lie algebra g. There is a natural 
one to one correspondence between: 

i) invariant generalized complex structures on G; 

ii) g-admissible pairs (i,uj). 

More precisely, a g-admissible pair (t,u>) defines an invariant generalized 
complex structure 3, with holomorphic space at e G G given by 

Tl'°G = to 1 ' := {X + i e t © (0 C )* : i\i = u>(X, ■)}. 

Theorem |H] has the following important consequence. 

Corollary 7. Let 3 be an invariant generalized complex structure on a Lie 
group G, defined by a g-admissible pair (t,co). Suppose that the real Lie al- 
gebra 

i=sntcs 

generates a closed, connected Lie subgroup L ofG, such that the homogeneous 
space M = G/L is reductive. Then 3 defines an invariant complex structure 
J on M. 

Proof. Since t belongs to an admissible pair, t + t = g c . Moreover, tC\t = l c . 
From Proposition [TJ Hi), t defines an invariant complex structure J on M. 

□ 

We end this section with a property of admissible pairs, which will be use- 
ful in our treatment of invariant generalized complex structures on semisimple 
Lie groups. 

Proposition 8. Let g be a Lie algebra and (t, u) a g-admissible pair. Suppose 
that I = in g is reductive. Then I is abelian. 

Proposition [H] is a consequence of the following general statement (applied 
to the reductive Lie algebra t = £C\g, which admits a symplectic form, namely 
:= Im (u)\i)): 
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Lemma 9. Any (real or complex) reductive Lie algebra which admits a sym- 
plectic form is abelian. 

Proof. Let I = c© I s be a reductive Lie algebra, with the center c and semisim- 
ple part I s . Suppose that uj G A 2 (P) is a non-degenerate closed 2-form on I 
Then c is w-orthogonal to I s . Indeed, for Y, Z G I s and X G c , we get 

= dcu(X, Y, Z) = lj(X, [Y, Z\) + u(Z, [X, Y}) + u(Y, [Z, X}) = cj(X, [Y, Z\). 

Since [I s , i s ] = I s , the claim follows. Assume now that I s 7^ 0. Then u s := u>\^ 
is a non-degenerate closed 2-form on the semisimple Lie algebra i s . Being 
closed, u s is the differential of a 1-form £ 6 (I s )* (see e.g. [121 P- 16]), which 
is dual with respect to the Killing form (-, ■) of V to a vector Xq G [ s : 

Z(x) = (x ,x), wxeV. 

For any 7 G I s we get 

u(X , Y) = d^X , Y) = -C([X , Y}) = -(X , [X , Y]) = {[X , X ], Y) = 0. 

Hence X belongs to the kernel of u s . Since u s is non-degenerate, X = 
and hence i s = 0. We obtain a contradiction. 

□ 

3.2 A class of admissible pairs 

We have reduced the description of invariant generalized complex structures 
on a Lie group G, with Lie algebra q, to the description of jj-admissible pairs 
(t,uj), and, in particular, to the description of closed 2- forms on 6. In this 
section we find a special class of g-admissible pairs (t,oj) (see Proposition 
[TT1 below). We begin with the following result which will be used repeatedly 
in our description of invariant generalized complex structures on semisimple 
Lie groups. 

Proposition 10. Suppose that a Lie algebra I admits a semidirect decompo- 
sition 

t = s©p 

into a subalgebra 5 and an ideal p. Decompose a 2-form p G A 2 (t*) on t into 
three parts 

P = Po + Pi + P2, 

where p G A 2 (s*) is the s-part, p 1 G A 2 (p*) is the p-part and p 2 G s* A p* C 
A 2 (t*) is the mixed part of p (all trivially extended to t). Then the form p is 
closed if and only if the following conditions are satisfied: 
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1. the forms po?Pi are closed on s and, respectively, on p; 

2. the following two conditions are satisfied: 

P2(s, \p,p'\) = pi([s,p],p') +pi(p, [s,p'\) (7) 

and 

p 2 ([s, s'},p) + p 2 ([s',p], s) + p 2 (\p, s], s') = 0, (8) 
for any s,s' G s and p,p' G p. 

In particular, if s is p-orthogonal to p, i.e. p 2 = 0, then p is closed if and 
only if its s-part po is closed and its p-part p\ is closed and adg -invariant. 

Proof. The proof is straightforward. □ 

Proposition 11. Let q be a real Lie algebra and a(x) = x the associated 
antiinvolution on q c . Suppose that a complex subalgebra t C g c , with g c = 
6 + 1, has an ideal p, complementary to the subalgebra i c = t fl \, that is, 

£=f®p, 

Then any (complex) 2-form u> G A 2 (6*) which defines a Q-admissible pair 
{t,oj) is given by 

lu = cD + pi + p 2 , 

where Qq G A 2 (l c )* is a closed 2-form on i c , such that lm(p \^ is non- 
degenerate, p\ G A 2 (p*) is a closed 2-form on p and p 2 G (l C )* A p* is a 
2-form which satisfies the following two conditions : 

P2 (i, lp,p'}) = pi([i,p],p') + P i(p, [i,p'}) 

and 

P2 ([l,l'],p)+p 2 ([l',p],l)+p 2 ([p,l],l')=0, 
for any I, V G l c and p,p' G p. 

4 Invariant generalized complex structures of 
regular type on semisimple Lie groups 

In the remaining part of the paper we define and study a class (called regular) 
of invariant generalized complex structures on semisimple Lie groups. 
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4.1 Regular g-admissible pairs: definition and general 
results 

Let G be a real semisimple Lie group with Lie algebra g. 

Definition 12. A g- admissible pair (t,w) and the associated invariant gen- 
eralized complex structure 8 onG are called regular if the complex subalgebra 
t C g c is regular, i.e. it is normalized by a Cartan subalgebra of g. 

We denote by 

v c - 
a : g -> g , x ->■ x 

the conjugation of g c with respect to g. Let t be a regular subalgebra of g c . 
The complexification f) of the Cartan subalgebra f)g of g which normalizes fi 
is a a- invariant Cartan subalgebra of g c . Being regular, the subalgebra t is 
of the form 

l=t)l + B(Ro) (9) 

where f)^ := t D f) and i?o C -R is a closed subset of the root system i? of g c 
relative to f). The condition t + t = g c from the definition of admissible pairs 
is equivalent to 

R Ua{R )=R, &f + = 
To simplify terminology we introduce the following definition: 

Definition 13. i) A subset Ro C R is called cr-parabolic if it is closed and 

Ro U a(Ro) = R. 

ii) A a -parabolic subset Ro C R is called a er-positive system if it satisfies 
the additional condition 

Ro n a(Ro) = 0. 

Hi) Two o -parabolic subsets Ro,R' are called equivalent if one of them can 
be obtained from the other by transformations R — > —R, R — > o~(R) and a 
transformation from the Weyl group of R, which commutes with a. 

We remark that if g is a real form of inner type of g c and t)g is a maximally 
compact Cartan subalgebra of g, then 

a (a) = -a, Va G R (10) 

and by a result of Bourbaki p[] (Chapter VI, Section 1.7), a-parabolic subsets 
(respectively, cr-positive systems) of R are just parabolic subsets, that is, 
closed subsets which contain a positive root system (respectively, positive 
root systems). 
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Lemma 14. Let t be the regular subalgebra (TJJ) of g c , such that 

( J R o na(i?o)) asym = 0. (11) 

Suppose that t can be included into a g- admissible pair Then 

i = f + a 1 ' + 0(^0) 

where Rq is a a -positive system of R, [:= in f)g and a 1 ' is the holomorphic 
space of a complex structure J a on a complement a of ' I in ()g . In particular, 
the dimension of a is even. 

Proof. The complex conjugated subalgebra t has the form 

! = fj fi + a(g(Ro)) = t)t + 9(o-(Ro))- (12) 

From ffT2]) . 

eni=btn5 t + fl(i2on«7(i2o)). 

Condition (jll|) means that i?o H cr(Ro) is symmetric. Thus the Lie algebra 
I PI I is reductive, with semisimple part generated by g(Ro H cr(i? )) an d the 
center which is the annihilator of i? H cr(-Ro) i n ^ H Fj*. Since t fl I is a 
reductive subalgebra with a symplectic form, by Lemma M it is commutative. 
It follows that Rq n a(Ro) = 0. On the other hand, t + I = g c implies that 
Rq U cr(Ro) = R. We proved that Ro is a cr-positive system. 

Let to be a complement of P)^ fl Fj* in f)^. Since f)^ + ^ = f), ro + ro = a c 
where a is a complement of 1 in F)g. Being transverse, tu and ro are the 
holomorphic and anti-holomorphic spaces of a complex structure J a on a. 

□ 

Note that if a(at) = —a, for any a E R, the condition (ITT)) is automatically 
satisfied. Our main result in this section is stated as follows. 

Proposition 15. Let q be a real form of inner type of a complex semisim- 
ple Lie algebra g c . Any regular subalgebra of g c which is normalized by a 
maximally compact Cartan subalgebra F)g of g and can be included in a g- 
admissible pair is of the form 

t=f + a 1 >° + g(R + ) (13) 

where I := fi fl F)g ; a 1 ' is the holomorphic space of a complex structure on a 
complement a of I in f)g and R + is a system of positive roots of g c relative 
to f) := ti g f. 

In the next section we find all 2-forms, which, together with the subalge- 
bra ([TBI , form g-admissible pairs. 
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4.2 Regular pairs on semisimple Lie groups of inner 
type 

In this Section we assume that the real form g = ($j c ) cr of a complex semisim- 
ple Lie algebra g c is of inner type. Then, preserving the notations of Propo- 
sition [151 a regular subalgebra t C / normalized by a maximally compact 
Cartan subalgebra f)g of g and which is part of a g-admissible pair (£, oS) has 
the form 

« = h o + (i? + ) = l c + a 1 ' o + g(i? + ), (14) 

where R + C R is a positive root system of g c relative to P) = (f)g) c and 
l] C f) satisfies f) + f) = h. We now determine all 2-forms u; G A 2 (t*) which, 
together with t, form a g-admissible pair. In the following theorem we fix 
root vectors {E a } ae n of a Weyl basis of q(R) and we denote by u a G (g c )* 
the dual covectors defined by 

w a |jj = 0, u a (^) = 5 Q/9 , Wa,(3eR. (15) 
As usual iV a/ g will denote the structure constants, defined by E^] = 

Theorem 16. Let % C g c be the regular subalgebra defined by fLj\ ) and 
u G A 2 (t*). Then (t,u) is a g-admissible pair if and only if 

u = Q + ^ fi a a Au a + ^ ^ ^ a +pN a pu a Aup, (16) 

where \i a G C, for any a G R + , andu G A 2 (J)q) is any 2-form on f) (trivially 
extended to t), such that Im (wo|j) is non- degenerate. 

Proof. We first show that a 2-form on { is closed if and only if it is given 
by (fT6|) . for some constants fi a . For this, we apply Proposition [TDl with 
commutative subalgebra s := f) = l c + a 1 ' and ideal p := g(R + ). Any 
u> G A 2 (t*) is given by 

U = U + pi + p 2 

where cD G A 2 (f)g), p! G A 2 (p*) and p 2 6 f)J A p* are trivially extended to 
t. Since h is abelian, Q = for any w . From Proposition QUI e^u; = 

if and only if dp pi = and conditions and (jHJ) are satisfied. Since f) is 
abelian, condition (jHJ) becomes 

p 2 ([H', E a },H) + p 2 ([E a , H], H') = 0, VH, H' G fj , Va G R + 
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or 

p 2 (E a , H)a(H') = p 2 (E a , H')a(H). (17) 
On the other hand, for any a G R, the restriction is not identically zero. 

(This is an easy consequence of the equality f) + f) = f) and the fact that 
a(a) = —a, when g = (g c ) CT is a compact real form or a real form of inner 
type and f)g is a maximally compact Cartan subalgebra of q). Thus relation 
(JT7J) is equivalent to 

p 2 {H, E a ) = fi a a(H), Va G R + , \/H G f) , 

for some constants p a , or 

We proved that flSj) is equivalent to (|P5|) . We now consider (j7|), which gives 
p 2 (H,[E a ,Ep]) = p 1 ([H,E a },Ep)+p 1 (E a ,[H,Ep}), Vif G f) , V«,/3g# + , 
or, using (fT%l) . 



iV a/3/ i a+/3 (a + = (a + P)(H) Pl (E a , Ep), \/H G f) , Va, /3 G 

(19) 

A similar argument as above shows that (a + /3)\u is not identically zero, 
for any a, /3 G Thus (fiT?|) becomes 

Pi = r 5^ N aP^a+p^a A (20) 
a„8€,R+ 

It remains to check that px G A 2 (p*) defined by (TSUI) is closed. For this, let 
a,/3,7 G i? + be any positive roots. Then 

(d pPl )(E a , Ep, E 7 ) = Pl (E a , [Ep, £ 7 ]) + p 1 (E 1 , [E a , Ep}) + Pl (Ep, [£ 7 , E a \) 

On the other hand, the Jacobi identity 

[E a , [Ep, E-y]] + [E~f, [E a , Ep}] + [Ep, [E 1 , E a }\ = 

implies that 

Np y N ai p +1 + N a pN^^ a+ p + N ia Np n+a = 0. 

Therefore p\ defined by (1201) is closed. We proved that all closed 2-forms on 
t are given by (TT6]) . If, moreover, Im (cD 1 [) is non-degenerate, then (t, u) is 
a g-admissible pair. □ 
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Corollary 17. Let G be a real semisimple Lie group of inner type. 

i) If there is a regular generalized complex structure on G then the rank 
of G is even. 

ii) Assume that the rank of G is even and let 3 be a regular generalized 
complex structure on G, with associated admissible pair (t,u), where 

t=f + a 1 ' + g(R ¥ ) (21) 

and u G A 2 (t*) are like in Theorem\T^ Then the type of 3 is given by 

type(a) = ^ (rank(G) - dim(l) + \R\) 

where \R\ is the number of roots from R. 
Hi) Assume that the rank of G is even. Then, for any k G Z such that 

< k < ^rang(G), 

there is a regular generalized complex structure d on G with 

type(3) = ^\R\ + k. (22) 

Proof. Let S be a regular generalized complex structure on G, with admissible 
pair (t,u)), like in Theorem IT6l Since [ admits a symplectic form, it has even 
dimension. Since the complement a of I in f)g admits a complex structure, 
it has also even dimension. Thus, the rank of G is even. This proves the 
first claim. The second claim follows from the definition of the type and 
by computing the dimension of t. For the third claim, we notice that the 
generalized complex structure 3 associated to an admissible pair (t,co), with 
t given by (I2TT) . satisfies fT22l) . provided that the dimension of t is equal 
to rank(G) — Ik. Since the rank of G is even, [ can be chosen with this 
property. □ 

For simplicity, the following proposition is stated for compact forms, but 
it holds also for any real form of inner type. We preserve the notations from 
Theorem [T6j 

Proposition 18. Let 3 be a regular generalized complex structure on a com- 
pact semisimple Lie group G, with associated g-admissible pair defined 
by ([7^]) and IfTb)) . Define a covector £ G g* by 
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and let B := d^. Then 3 is the B -field transformation of the regular general- 
ized complex structure 3 whose associated g-admissible pair is (t,Q ). More- 
over, 3 is in normal form if and only if 

i H u = 0, \/H e a 1 ' . 

Proof. The compact real form g is given by 

aeR aeR 

It can be checked that £ takes real values on q and 

B k = ^2 ^ Q A Ua + 2 Va+f3N a pUJ a A up. (23) 

oei?+ a,(3eR+ 

From fj!6p and fl23l) . # is the 5- field transformation of 3- The second claim 
is straightforward. □ 

4.3 Invariant generalized complex structures on com- 
pact semisimple Lie groups 

We now show that any invariant generalized complex structure 3 on a com- 
pact semisimple Lie group G is regular, provided that 3 satisfies an additional 
natural condition. More precisely, we prove: 

Theorem 19. Let G be a compact semisimple Lie group, with Lie algebra 
q, and 3 an invariant generalized complex structure on G defined by a Q- 
admissible pair (t,u). Suppose that I :— t D Q generates a closed subgroup L 
of G. Then 3 is regular. 

Proof. Since G is semisimple and compact, M = G/L is reductive and 3 
induces an invariant complex structure J on M, defined by the subalgebra t 
(see Corollary [7]) . By Theorem [21 t is regular. □ 

5 Invariant generalized complex structures on 
semisimple Lie groups of outer type 

In this section we construct a large class of regular generalized complex struc- 
tures on semisimple Lie groups of outer type. Let q = (g c ) cr be a real form of 
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outer type of a complex semisimple Lie algebra g , defined by an antilinear 
conjugation 

c c - 
c : -> , x x. 

In a first stage, we are looking for g-admissible regular pairs (t, cD ), such that 
the 2-form Q is the trivial extension of a form defined on the Cartan part of 
the regular subalgebra t of g c . Assume, as usual, that 

e = fJo + flW> (24) 

where f) is included in a cx-invariant Cartan subalgebra f) of g c and Rq is 
a cr-positive system of the root system R of q c relative to f) (see Definition 
[T5|) . Thus, we are looking for pairs (f) ,cD ), with cD G A 2 (f) ), such that the 
following conditions are satisfied: 

i) f) + 5 = f); 

ii) the trivial extension of cDo to t is closed; 

iii) Im (poll) is non-degenerate, where 1 := f) fl g is the real part of f) . 

We first remark that the symmetric part R s ^ m of the a-positive system 
Rq is not empty in general (as it happens when q is of inner type). Since t 
is a subalgebra, 

[da, 0-d <= f) , Va G i?o ym 
and a simple computation shows that condition ii) above is equivalent to 

Q Q ([E a , E^ a ],H) = 0, Va G i?^ m , ViJ G h . (25) 

Define 

S := Span c {[E Q , E-a], a G i?^™} = Span(i?Q ym ) b 

where b : f)* — >• f) is the isomorphism defined by the Killing form and assume 
that 

SHS = {0}. (26) 

Assuming that the additional condition (1261) is satisfied, we now describe 
a simple construction of pairs (f) ,a} ) such that i), ii) and iii) hold. For this, 
consider a subspace ^ C f) such that t) 1 + t) 1 = I) and S C From (|2"B"|) . we 
can chose a complementary subspace f) of fjj fl S in f) 1; such that S C fi . 
One can check that: 



20 



a) f) fl f) is transverse to §; 

b) f) = f)o + 5o- 

The subspace f) decomposes into a direct sum 

f)o = (f)ony©s©w 

where W C f) is any complementary subspace of (t) fl f} ) © S. One can 
chose a) G A 2 (f) ) such that S C Ker(w ) and Im (oj ) is non-degenerate on 
I = (f) fl fj ) CT - Then (t, Q ) is a g-admissible pair. 

Our next aim is to construct other regular g-admissible pairs (t, u), for 
which g = (g c )°" is any real form of outer type of g c = s[2n(C) {n > 2), 
sc>2n(C) (n > 3) and Cq, the regular subalgebra t is normalized by a maximally 
compact Cartan subalgebra of g, the root system i? of t is a cx-positive system 
and the 2-form u has a non-zero restriction to the root part g(Ro) of t. The 
following Proposition simplifies considerably this task. It shows that we can 
chose (arbitrarily), for each of the above complex Lie algebras, a real form of 
outer type and find regular pairs with respect to these real forms. They will 
provide invariant generalized complex structures on all real forms of outer 
type of SL 2n (C) (n > 2), S0 2n {C) (n > 3) and E 6 . 

Proposition 20. Let g c be a complex simple Lie algebra, g = (g c ) cr a real 
form of outer type of g c and (£,u>) a regular g- admissible pair, with 

l=h + B(Ro) (27) 

normalized by a maximally compact Cartan subalgebra f)g of g and Rq a ex- 
positive system. Then any other real form of outer type of g c is conjugated 
to a real form g' such that (6, lo) is g' ' -admissible. 

Proof. To prove the claim, we recall the formalism of Vogan diagrams [TUl 
p. 344], which describes the real forms of a given complex simple Lie alge- 
bra g c . An abstract Vogan diagram is an abstract Dynkin diagram, which 
represents a system of simple roots IT of g c relative to a Cartan subalgebra 
f), together with two pieces of additional information: some arrows between 
vertices, which indicate the action of an involutive symmetry s of the Dynkin 
diagram (in the case of outer real forms) and a subset of painted nodes (in 
the fix point set of s), which indicates the non-compact simple roots. The 
symmetry s defines an involution 9 of the Cartan subalgebra t), which can 
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be canonically extended to an involutive automorphism 9 of g , by the con- 
ditions: for any a G IT, 

{E a /, if s(a) = a' ^ a 
E a , if a = s(a) is not a painted root (28) 
— E a , if a = s(a) is a painted root, 

where {E a } are root vectors of a Weyl basis. 

The composition a := 6 or, where r is the compact involution commuting 
with 9, defines the real form g = (g c ) a associated to the Vogan diagram. 
Moreover, the real subalgebra 

f) = f) + ©fT = {xeifj(M), 6(x) = x} © {x e &(R), 0(x) = -x} (29) 

is a maximally compact (^-invariant) Cartan subalgebra of $j. 

Consider now a regular g-admissible pair (t,u), like in (J2"7I) . where is 
a real form of outer type of a complex simple Lie algebra g c . The defining 
conditions for (t,u), namely 

R Ua(Ro) = R, R na(Ro) = ®, + = f), d^u = 

and Im(u;|^ n ^ ^ CT ) non-degenerate, depend only on the symmetry s of the 

associated Vogan diagram. Remark now that the symmetry s is unique, 
for g c ytz £) 4 and for there are three symmetries related by an outer 
automorphism of D4. This proves our claim. 

□ 

Remark 21. In the statement of Proposition^^ it is essential that Rq is a ex- 
positive system. When Ro is o -parabolic but not necessarily a-positive, (tnl)"" 
does not reduce in general to the Cartan part (fu fl f)|) CT and it may depend 
also on which nodes from the Vogan diagram are painted; therefore, the same 
is true for the condition Im(o;| ) from the definition of g- admissible pairs. 

Motivated by Proposition [201 m the remaining part of this section we 
construct regular generalized complex structures (and admissible pairs) on 
G = SL n (M) (n > 2), SO^n-i,! (n > 3) and two real forms of outer type of 
Eq . 

5.1 Generalized complex structures on SL n (W) 
a) Description of the antiinvolution a which defines s[ n (H) 
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Let V = C 2n be a complex vector space of dimension In > 4, with stan- 
dard basis {ei, • • ■ , e n , ey, ■ ■ ■ , e n /} and s[ 2n (C) the Lie algebra of traceless 
endomorphisms of V. We denote by 

Eij = ti® e*, Ei'j> = e v ® e*,, E V j = e v <g> e*, Ey = e { <g> e*, 

the associated basis of gl( V) and we choose a Cartan subalgebra 

n n n n 

8=1 j'=l 1=1 j' = l 

which consists of traceless diagonal matrices. Denote by e^ey the linear 
forms on f) defined by 

€i(H) = Xi, 6f(H) = Xf. 

The roots of sl(V) are 

R '■= '■= £j — Q'j' := — Cj', Q'j := — Cj, Cif := — e.,/}. 

The Lie algebra st n (H) is a real form of outer type of sl 2n (C), defined by the 
antilinear involution 

a(A) = -JAJ, VAGs[ 2n (C), 

where J is the matrix 



J 



Id 
-Id 



The antilinear involution a acts on roots, transforming unprime indices into 
prime indices and vice versa, i.e. 

a ( e ij) = e i'j'i — Cij, cr(ey') = V\ e i'j) — e ij'- 

Alternatively, one may also define sl n (H) as the unique real form of outer 
type of st 2n (C), whose Vogan diagram has no painted node. As described 
above, sl n (H) can be obtained as in the proof of Theorem 6.88 of [10] (see also 
Proposition [2U]), by considering the Weyl basis (T5TT) (see below) and assigning 
to the nodes of A 2n -i the simple roots e 12 ', e 2 '3, e 34 ', • • • , e 3 / 2 , e 2 v- The unique 
simple root fixed by the non-trivial automorphism of Am-\ (given by the 
horizontal reversal) is e n i n (n-even) or e nn i (n-odd) and is a white root. The 
Cartan subalgebra 

n n n 

f) CT = {H = 22 x i E ™ + /^iEj'i'i y^X x i + X i) = °) 

i=l j=l i=l 
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is a maximally compact Cartan subalgebra of sI n (H). Any a G R for which 
cr(a) = —a is of the form or and is compact, since a(E eii ,) = —E e .,., 
where E eij are root vectors of the Weyl basis (13B . It follows that \f is also 
a maximally non-compact Cartan subalgebra of 5l n (EI) (see [TOj p. 335]). 

b) a-positive systems of the Lie algebra sl 2 n( ( C) 

Proposition 22. Any a-positive root system Rq of the root system R is 
equivalent to one of the following systems: 

a ) { £ i - e i; e i - e i'; hj = 2 , 4 4 ' , n }i 

b ) Ui - e j> e i' - e j, h3 = • • • , n }- 

Proof. Denote by P = the subsystem of R which is the root system 

of type A„_i, hence indecomposable. But P = (P fl Rq) U (P fl cr(R )) is a 
decomposition of P in a disjoint union of two closed subsystems. Hence, one 
of these two parts is empty. Without loss of generality, we may assume that 
P C Ro- Assume that e^-/ G Ro. Then e^/ = e iio + e^-/ <E R Wi, because i? 
is closed, and = a(ey/) G a(i? ) Vz'. It follows that e^j G a(i? ) V? (if 
this were not true, then we could find ji such that €i>j 1 G Ro] but then, since 
€j 1 j G i?o and Ro is closed, also e,7j G i?o which is impossible, since -Ro and 
a(_R ) are disjoint). Thus e^/ = cr(ei>j) G -Ro Vi, f and we get the system a). 
If e^/ ^ Ro Vi, j', we get the system frj. □ 

c) s[ n (H)-admissible pairs 

Now we describe s[ n (H)-admissible pairs (£, lu), where the subalgebra t C 
sl2n(C) is regular with root system the a-positive system i? of type a) from 
Proposition |22j The case b) is similar. The subalgebra £ can be written as 

t = () + q(Ro) = i )o + J2 *k + E 0v C sl2n(C) ' (30) 
where f) C f), with f) + f) = f). The vectors 

(31) 

are root vectors of a Weyl basis and the associated structure constants are 
given by 

]\r. = -N e .. e . = -=, \H±j±s 

' l 3 ' ' 3 s J 1 ' ' /*/ / 



2n 
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and their prime analogues (obtained by replacing any of the s by its 
prime analogue). The symmetric part i?Q ym of Rq is given by 

tig m = {e ij , i,j = l,2,...,7i}. (32) 
Since t is a subalgebra, (152]) together with 

imply that En — Ejj G f) , for any z, j. Note that 

S := Span c {[E eij ,E eji \,i,j = 1,2, ••• ,n} = i, j = 1,2, ••• ,n} 

is transversal to 

S = Span c {Sj/j/ — Ejij',i',j' — 1, 2, • • • , n}. 

Thus condition (KBI) is satisfied. The following theorem describes sl n (H)- 
admissible pairs (£, w) and hence also invariant generalized complex struc- 
tures on the group SL n {M). Below the covectors u e ,, ,u e .,.,u e .. n u e ., ., are dual 
to the root vectors (13T]) and annihilate h. We assume that n > 3 (when n = 2 
the theorem still holds, under the additional assumption that €i + e r — ey — e s / 
is not identically zero on h , for any i,r,j', s', with (i,f) ^ (r, s')). 

Theorem 23. Any closed 2-form u on the Lie algebra t defined in / fffOj) is 

given by 

W e .. Au £ ... 



where cD G A 2 (hg) is suc/i that 

uj (Eii - Ejj, •) = 0, Vi, j (33) 

and X(ij), \ij'),V{ij) e TTie pair (t, w) is st n (H)-a<imissi6/e, /jence it defines 
a regular generalized complex structure on SL n (M), if and only if the real 2- 
form Im (a)o) is non- degenerate on h nsl n (H). 

Proof. To determine all closed 2-forms u on t, we apply Proposition [TU], 
with subalgebra s := h + fl({ei,-}) and ideal p := 0({ey})- In terms of the 
decomposition 

W = Po + Pi + P2, 
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the form u is closed if and only if its 5-part po £ A 2 (s*) and p-part pi G A 2 (p*) 
are closed and the mixed part p 2 G s* A p* satisfies (j7j) and (jSJ). Using (jSj), 
we determine p 2 , as follows. The condition (jHJ) is equivalent to the following 
three conditions: 

i) for any H G f) and root vectors -E £fcp and J5 e< .,, 

p 2 {[H, E ekp ],E ei .,) + p 2 ([£ efcp , H) + p 2 ([£ e ..„ if], £ e J = 0; (34) 

ii) for any if, if' G f) and root vector E e .., , 

p 2 {[H',E ti .],H)+p 2 {{E ei . n H],H') = 0; (35) 

iii) for any root vectors E 6ks , E €pq , E e .. n 

P2([E tpq , E e J,E ei .,) + p 2 ([E eks ,E ei .,}, E epq ) + p 2 ([E ei .„E epq ], E e J = 0. (36) 
It can be checked that fl34"|) is equivalent to 



k,j' \ i^-k 



A^|, (37) 



for some constants X(kj') G C. Moreover, with p 2 defined by f[3"Tj) . the relations 
(135]) and (136]) are satisfied. Thus condition ([8]) is equivalent to (137]) . We now 
show, using condition ([7]), that pi = 0. Since p is abelian, condition ([7]) 
implies that 

0L([fr, £ w ) +Pi(E ei .„ [H,E e J) = 0, 

or 

(e, - e/ + e r - e s ,)(H) Pl {E e .. n E ers ,) = 0. 

Let if := Ea—Ejj with j 7^ i, r (we assumed that n > 3). Since e,— 6j/+e r — e s / 
takes non-zero value on if, 

Pi = 0. (38) 

Finally, it remains to determine the closed form p on s. The Lie algebra s is 
reductive with semisimple part generated by and center which is the 

annihilator of {e^} in f) . Using Proposition [10] and the fact that any closed 
2-form on a semisimple Lie algebra is exact, it can be shown that 

po = Uo + ^2\ (ij) e ij Au eij + -^= ^(^l^/w^ + ^^j^Aw^, (39) 

where ^ ^ are arbitrary constants and the 2-form cD G A 2 (1)q) 

satisfies (]3"3"]) . Combining ( ]3"Tj) . ( ]3"5]) and (13T)]) we conclude that all closed 
2-forms on t are described in the theorem. The last claim is straightforward. 

□ 
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5.2 Generalized complex structures on 502n-i,i 
a) Description of the antiinvolution a which defines S02 n (C) 

Let (V, (•,•)) be a complex Euclidean vector space of dimension 2n > 6 
and so(V) ~ S02n{C) the associated complex orthogonal Lie algebra. We 
identify so(V) with A 2 V using the scalar product (•, •) and we choose a basis 
ej, e_j, i = 1, • • • , n of V with the only non-zero scalar products (e^, e_j) = 1. 
The diagonal Cartan subalgebra f) C so(V) has a basis 

{Hi := ej A e_j, i = 1, 2, • • • , n}. 

We denote by {e,} the dual basis of h*. Then the root system of so(V) 
relative to f) is given by 

R := {±6i ±6j, i, j = 1,2, • • • ,n,i ^ j} 

and the root vectors of a Weyl basis are 

V 2 ( n - !) 

:= > 1 (e-< A e_j), i < j 

y/2{n - 1) 

\/2(n- 1) 



The associated structure constants are given by 

y/2(n- 1) 



N-iti+e^fii+ej — r—, -rlijljl 

v 2 ( n - l ) 



N 



y/2(n-l) 
1 



where 7^ = 1 if i < j and — 1 if i > j. 

Consider the antilinear involution a of V defined by 

a(e ±i ) = e Ti , 1 < i < n, a(e± n ) = e± n . 
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It induces an antilinear involution o on so(V) whose associated real form 
is the Lorentzian Lie algebra S02 n -i,i- The map o preserves the Cartan 
subalgebra f) and it acts on the weights e« as follows: 

a(ti) = -€i, i < n, a(e n ) = e n . 

Alternatively, one may also define S02n-i,i as the unique real form of outer 
type of S02n( ( C), whose Vogan diagram has no painted node and the auto- 
morphism is given by interchanging the two ends of D n . As described above, 
S02n-i,i can be obtained as in the proof of Theorem 6.88 of [TD] (see also 
Proposition |2"UI) . by considering the root vectors of the Weyl basis defined 
above and assigning to the nodes of D n the simple roots €\ — e 2 , • • ■ , e n _2 — 
e n _i, e n _i — e n , e n _i + e n . The roots e» — e i+ i, 1 < i < n — 2 are compact. The 
automorphism 9 of D n is given by 

9(ei - e i+ i) = €i - e i+ i, l<i<n-2; 6»(e n _i - e n ) = e n _i + e n 

and 

n-l 

\f = {H = ixkH k + x n H n , x k e R} 

k=l 

is a maximally compact Cartan subalgebra of S02 n -i,i- It is also maximally 
non-compact (easy check). 

b) a-positive systems of the Lie algebra so 2n (C) 

We denote by R' C R the root system of the subalgebra 50 2n -2(C) C 
so(V) which preserves the vectors e± n . Then 

a\ R , = -1 and cx(e n _i - e n ) = -(e n _i + e n ). 

Proposition 24. Any a-positive system Rq C R is equivalent to one of the 
systems: 

a) Ro = R + := ± 6j, 1 < i < j < n}; 

b) R = (R+ \ {e„_! + e n }) U {e n - e n _i}; 

c) R = (R+ \ {e„_! - e n }) U {-(e n _! + e n )}. 

Proof. Since a = — 1 on R', we may assume that Rq contains the positive 
root system R' + = {cj ± ej, i < j < n} of R'. Let := e n _i — e n and 

q„ := e n _i + e n . Since a interchanges the pairs (a n _i, a„) and (— a n , — a n _i), 
the system Ro must contain one of the pairs 

(a n -i,0£ n ), (-a„_i, -a n ), (a„_i, (a n ,—a n ). 
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One can easily check that the composition s £n _ 1 _ en o s_( en _ 1+en ) of reflections 
exchanges the first two pairs of roots. Thus the closed systems spanned by 
R' + and any of the first two pairs are equivalent and give the positive root 
system R + . The closed systems spanned by R' + and the remaining two pairs 
give the systems b) and c). □ 

c) SO 2 n i i-admissible pairs. 

Since the cx-positive system R of type a) found in Proposition EH is a 
system of positive roots, the corresponding admissible pairs can be described 
using the method of Theorem [TBJ Now, we describe the S02 n -i,i-admissible 
pairs (t, u), where t C so 2n (C) is a regular subalgebra with the root system 
Ro of type c) (the case b) can be treated similarly). Let 

e:=[) + g(i? )C 50 2n (C), (40) 

where f) is included in the diagonal Cartan subalgebra f) of so 2n (C) and i? 
is given by Proposition EH c): 

Ro = (R + \ K-i - en}) U {-(e n _ x + e n )}, R + = {q ± e jt 1 < % < j < n}. 
Since 

XT = {±(*n-l + e^} (41) 

and cr(e n _i + e„) = — e n _i + e„, condition (|26|) is satisfied. Since € is a 
subalgebra, (j4Ti) together with 

[Ee„-i+e„, -^-(e„_i+e„)] = ^ _ (#n-l + #n) 

imply that _ff n _i + -£T n belongs to f) . Thus, 

Jj„ = (Ker(e n _i + e n ) n f) ) © Span(if n _ 1 + # n ). 

Let 

R' := i?+ \ {e n _! ± e n } = i? \ {±(e„_i + e n )}. 
For simplicity, we assume that for any a G R' , 

«l K er( en _ 1+e „)nf) ^ ( 42 ) 

Remark that the above condition is automatically true, when a = ^ ± tj, 
i < j < n — 1 (recall that g\ri = —1 and f) + f) = h). It also holds for any 
a G i?Q' w hen f) = f). 
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Theorem 25. Any closed 2-form ui on the Lie algebra t defined in ffllfy is 
given by 



(e„-i + e„) A (au tn _ 1+tn + bu- {en _ 1+tn) ) + cu 6n _ 1+6n A w_( e „_ 1+e „) 



+ w + c Q a A u a + ^ N, 

aeR' aSi?Q 
^ 7^7 -, \ 52 ^n-l+en A (c ei+£n _ 1 C<; ei _ £n - C e ^ +en CU ei _ en _ 1 ) 

\/2 n — 1 

V v / «<n— 1 

~ l 7^7 n ^ W -(t«-l+en) A ( C £,-e n W e,+£„_i ~ C e 4 -e„_i W e;+e„) 

\/2(n — 1 .~\ 

V V / «<n— 1 
i<n— 1 



2 

i<n— 1 

where Qq G A 2 (f) ) stzc/i taa£ 

£>o(#n-l + #nj — 0) 

a, 6, c G C and c a G C, /or any a G i? . Tne pazr (fi, w) so 2n-i,i- admissible, 
hence it defines a regular generalized complex structure on S , 2 „_i,i, if and 
only if the real 2-form Im (cD ) ^ s non- degenerate on f) fl so 2n -i,i- 

Proof. To describe all closed 2-forms on t , we set 

p := (Ker(e n _! + e n ) fl fj„) + g^) 

and 

s := C(# n _i + if n ) + g en _ 1+en + &- {en _ 1+en) . 

Then t = s © p is a semidirect decomposition, with subalgebra s and ideal p, 
and we can use Proposition [10] to describe all closed 2-forms on t. Decompose 
co as 

uj = po + Pi+ P2, 

where p £ A 2 (s*) and p x G A 2 (p*) are the 5, respectively p-parts of w and 
P2 G p* A s* is the mixed part. It is easy to see that any 2-form 

Po = (e n -i + e n ) A (aw £n _ 1+£n + bu Hen _ 1+tn) ) + cu tn _ 1+tn A u. {en _ 1+en) (43) 
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on s is closed. Now we determine all closed 2- forms pi on p. Using (I42p . an 
argument like in Theorem [TB] shows that any closed 2-form on p is given by 

Pi = w + ^2 Ca0i A Ua + \ £ N <*P c <x+P u <x A U P ( 44 ) 

a£R' a,/3eR' Q 

where c a G C for any a G R' and u is any 2-form defined on Ker(e n _i + 
e n) H f) - It remains to determine the mixed part p 2 of p, which satisfies 

p 2 ([s, s'],p) + p 2 {[s',p], s) + p 2 {\p, s], s') = (45) 

and is related to p\ by 

P2(s, \p,p']) = Pi([8,p],pf)+pi(p, [s,p']) (46) 

for any s, s' G 5 and p,p' G p. A straightforward computation shows that 
(145]) is equivalent to the following conditions: 

i) for any H G Ker(e„_i + e n ) fl t) , 

p 2 (H,-) = 0. (47) 

ii) for any a G R' such that a + e n _i + e n ^ R and a — (e n _i + e n ) i?, 
p2{H n -i + H n , E a ) = 0; 

iii) for any a G i? , 

P2(E en _ 1+ e n , E a ) =—777 ; n P2{Hn-\ + #n, ^a+e^-i+ej 

«(-nn-l + -HnJ + ^ 

P2(-E-( en _!+e„), E a ) = (tn-l+en),a „ (ff^ _|_ ^ £ tt _( en . 1+e „) ) . 

al^ti-i + -"nj — ^ 

On the other hand, with p\ and p 2 as above, relation (j4"6"|) is equivalent to 
c a a(H n _i + # n ) = p 2 (#n-i + #n, #a), Va G # (48) 

(here we use condition (|42p ). Combining this relation with the above expres- 
sions of p 2 {E en _ 1+en , E a ) and p 2 (E-( en _ 1+en ),E a ) we get: for any a G R' , 

p 2 (E €n _ 1+en ,E a ) = N en _ 1+en ^c a+tn _ 1+tn (49) 

p 2 (E^( tn _ 1+en) ,E a ) = N-(e n _ 1+€n ) >a C a -.( en _ 1+en ). (50) 

From gU), (USD, (09]) and (J5QJ, we get 



31 



Pi — ^ ^n-l+£n,a C tt+£n-l+«n W f..-l+£n A W Q 

+ ^-(e«-l+en),a C a-(e»-l+e„)^-(e n _i+e n ) A UJ C 

aeR' 

+ 9 c " a (-^«-i + #n)( e n-i + en) A w a . 



Using the expression of the structure constants N a p we can further simplify 
P2 and we conclude: 

P2 = 7= = ^ w en _ 1+en A (c e . +£n _ 1 a; e ._ en - c^+^o^-^-J 
n — 1) ~ — , 



i<n— 1 



+ e„) A (c ei+en U ei+€n + C ei+ e n „ 1 A Wei+en-j) 

i<n— 1 

~ 9 + A (^i-^n^i-en + Ca-en-! A C^-e^i) • (51) 



2 

i<n— 1 



Combining (143(1 . ( I44p and ( 15 ip we get the first claim. The second claim is 
trivial. 

□ 

5.3 Generalized complex structures on the real Lie 
groups Eq of outer type 

a) Description of the real forms (t 6 ) a of outer type of e6 

We follow the description of the exceptional complex Lie algebra eg given 
in [I4J p. 80]. The complex Lie algebra z$ has dimension 78 and rank 6. We 
take f) = C 6 for the Cartan subalgebra. Let {ei, • • • ,e$} be the standard 
basis of C 6 , with dual basis {ei, • • • , e^}. The Killing form restricted to f) is 

6 

(x, y) = 2Aj2 e i( x ) e i(y) + 8(J2 e ^))E e M)- 

i=l i j 

The root system R is formed by ±(cj — ej) with 1 < i < j < 6, ±(ej + 6j + e^) 
with l<i<j<k<6 and ±(ei + • • • + e 6 ). A system of simple roots is 

n = {«! = ei - e 2 , a 2 = e 2 - e 3 , ■ ■ • , a 5 = e 5 - e 6 , a 6 = e 4 + e 5 + e 6 }. 
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The complex Lie algebra z§ has two real forms of outer type, with maximally 
compact subalgebras f 4 and sp 4 . The Vogan diagram of e 6 (f 4 ) has no painted 
node and an automorphism of order two, given by the horizontal reversing in 
the Dynkin diagram of Cq. The Vogan diagram of Zq(sP 4 ) is the same, the only 
difference being that the triple node from the Dynkin diagram is painted, see 
[TUl p. 361]. This means that the Cartan involutions of e 6 (f 4 ) and e 6 (sp 4 ) 
induce the same canonical order two automorphism of the Dynkin diagram 
of C6, given, in terms of the simple roots from II, by 

9(ai) = a 5 , 9(a>2) = «4, 
0(0-3) = a 3 , 9(a 6 ) = a 6 . 

Similarly, the defining antiinvolutions a of e 6 (f 4 ) and e 6 (sp 4 ) induce the same 
action on R: 

a(a) = -6(a), Va G R. 

We shall denote by \f = h^ 6 (f ) = f)e 6 (Sp 4 ) the common maximally compact 
Cartan subalgebras of e 6 (f 4 ) and c 6 (sp 4 ), defined as in fT29|) . For e 6 (f 4 ) both 
roots a 3 and a 6 are compact, while for e 6 (sp 4 ), a 3 is non-compact and a 6 is 
compact, with respect to \f . 

b) cr-positive systems of the Lie algebra e 6 

We denote by the same symbol a the antiinvolutions of eg which define the 
real forms eg(f 4 ) and ee(sp 4 ), like in the previous paragraph. The following 
Proposition describes all cr-positive systems in R. 

Proposition 26. Any a-positive system of R is equivalent to one of the 
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following a-positive systems: 

R^ = — e i)}i<*<j<3 U {ej — £j}i<3,j>4 U {ei + €j + e k , €\ + ■ — h e 6 }; 
Rq = {±{ei - ej)}i<i<i<3 U {ej - ej}i< 3 j>4 U {^ + e 3 - + e fe 7^ e 4 + e 5 + e 6 } 
U {-(e 4 + e 5 + e 6 ),£i H h e 6 }; 

R ( = {±(ei - £j)}i<»<j<3 U {e.j - e i }i< 3 j>4 U {-(ej + e 3 - + e fc )} 
U{-(ei + ..- + e 6 )}; 

i?{, 4) = {±(ej - ej)}i<i<j<3 U {e. ; - e i } i < 3ii >4 U {-(ei + + e fc ) 7^ -(ei + e 2 + e 3 )} 
U{e 1 + e 2 + e 3 ,-(ei + --- + e 6 )}; 

R^ = {^(ti ~ e i)}l<«<j<3 U { e i — e j}i<3,j>4 U {~ ( e i + e 5 + £6)}i<4 

U {-(ei + e 4 + e 6 )}i< 3 U {ei + + e 6 }jj< 3 U {-(ej + e 4 + e 5 )}i< 3 

U {ej + e 3 - + e 5 }jj< 3 U {ti + ej + e 4 } iJ < 3 U {ei + e 2 + e 3 , e x H h e 6 }; 

(6) 

Rq — {=t( e i ~~ e i)}i<«<j<3 U { e i ~ e j'}i<3,i>4 U { — (ej + £5 + e 6 )}j< 4 
U {-(ei + e 4 + e 6 )}i< 3 U {e { + ej + e 6 }ij<3 U {-(ej + e 4 + e 5 )}i< 3 
U {e, ; + e 3 - + e 5 }ij< 3 U {e» + e^- + e 4 }i,j<3 U {ei + e 2 + e 3 , -(e 4 H h e 6 )}. 

Moreover, the image of R k ^ (1 < k < 6j through the antiinvolution a is 
given by: 

a(R^) = {±(ej - e 3 -)}4<i<j< 6 U {e^ - e i } i < 3iJ > 4 U {-(ej + e 3 - + e fc ), -(ei H h e 6 )}; 

ct(Rq ') = {±(e» - ej)}4<i<j<6 U {ej - e.j}i< 3iJ > 4 U {e 4 + e 5 + e 6 , -(ei H h e 6 )j 

U {-(e^ + £j + e fc ) 7^ -(e 4 + e 5 + e 6 )}; 

o-(i?J 3) ) = {±(cj - £ 5 -)}4<i<,-<6 U {ej - e i } i < 3)i > 4 U {e^ + ej + e k } U {e x H h e 6 }; 

viRxP) = {M e i ~ e i)}4<i<i<6 U {ej - e i } i < 3j > 4 U {ti + e 3 - + e fc 7^ ei + e 2 + e 3 } 
U{-(ei + e 2 + e 3 ),ei + --- + e 6 }; 

ct(rP) = {±(e» - ej)}4<i<j<6 U {ej - ei}i< 3 j>4 U {e^ + e 5 + e 6 }j< 4 

U {ei + e 4 + e 6 }i< 3 U {-(ej + e,- + e 6 )}jj<3 U {e^ + e 4 + e 5 }j< 3 

U {-fa + €j + e 5 )}ij< 3 U {-(ei + e 3 - + e 4 )}j )i < 3 U {-(e x + e 2 + e 3 )} 

U{-(ei + ... + e 6 )}; 

(6) 

U {ei + e 4 + e 6 }i< 3 U {-{ei + e^ + e 6 )}»j<3 U {e^ + e 4 + e 5 }j< 3 

U {-(ej + £j + e 5 )}ij< 3 U {-(ej + ej + e 4 )} ij < 3 U {-(e x + e 2 + e 3 )} 

U{ ei + --- + e 6 }. 

Proof. The proof is long but straightforward, and uses the action of a on 
roots and the properties of a-positive systems (see Definition [T3|) . We give 
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only the sketch of the argument. Let R be a a-positive system of R and 

R = [at, a 2 , Qf 4 , a 5 ) 

the closed set of roots consisting of all roots from R which are linear combi- 
nations of the simple roots Oj, for % = 1,2,4,5. Since R has two irreducible 

components and R = (RnR ) U (ji fl a(Ro)j is a decomposition of R into a 

disjoint union of two closed subsets, we may assume, replacing if necessary, 
Rq by ct(Rq), that: 

R fl Rq = [«i, a 2 ], -R H u(R ) = [«4, 05]. 

In particular, 

[ai, a 2 ] = {±(ei - e 2 ), ±(e 2 - e 3 ), ±(ei - e 3 )} C R . 

Since a interchanges the pairs (0:3, a^) and (— a 3) — c^), replacing again, if 
necessary, Rq by — i? , we have the following two possibilities: either 

{±(ei - e 2 ), ±(e 2 - e 3 ), ±(e 1 - e 3 ), a 3 = e 3 - e 4 , a 6 = e 4 + e 5 + e 6 } C i?o (52) 

or 

{±(ei - e 2 ), ±(e 2 - e 3 ), ±(e x - e 3 ), a 3 = e 3 - e 4 , -a 6 = -(e 4 + e 5 + e 6 )} C i?o- 

(53) 

Using that Rq is a u-positive system one may check if (1521) holds then R = 
Rq 1 . Assume now that f[5"3"j) holds. We distinguish two further subcases: 
when 

e 3 + e 5 + e 6 G R (54) 

and, respectively, when 

e 3 + e 5 + e 6 G a(R ). (55) 

When (PD and §M) hold, #0 = #!) 2) - Assume now that ([53]) and Q55J hold. 
It turns out that if 

- (e 2 + e 3 + e 6 ) G i? (56) 

then Rq = Rq , provided that — (ei + e 2 + e 3 ) £ R , or R = R^, provided 
that — (ei + e 2 + e 3 ) G ct(Rq). If (1531) and (J^J hold but U5BJ does not, then 
i?o — -Ro 5 \ provided that e\ + • • ■ + e 6 G i?0) or R = R^\ provided that 
ei + --- + e 6 e<7(i2o). 

□ 
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c) eg-admissible pairs 



We preserve the notations from the previous paragraphs. We denote by 



a regular subalgebra of e 6 , normalized by f) CT , with root system (1 < 
/c < 6) described in Proposition 1261 and with Cartan part fjj, C f), satisfying 



(fc),sym 




and 



( r(4 fe),sym ) 



{±(e i -e j ),l<i^j <3} 



{±(e i -e i ),4<i^j<6} 



for any 1 < < 6, condition (126]) is satisfied. Moreover, 



Span(i? ( 



(fc),sym^t> 



i=l 



i=l 



is included in f)Q fc \ because is a subalgebra. 

Theorem 27. For any 1 < k < 6, the 2-form u)ha on v k \ defined by 



W(l) 


= W(i) 


+ Ai 


[e A + e 5 + e 6 ) 


A W £4+e 5 


+C6 


W( 2 ) 


= W( 2 ) 


+ A 2 


[e 4 + e 5 + e 6 ) 


A w_ (e4+ 


e5+C6) 


W(3) 


= W( 3 ) 


+ A 3 


[ei + e 2 + e 3 ) 


A 




W (4 ) 


= W( 4 ) 


+ A 4 


[e x + e 2 + e 3 ) 


A w £1+(:2 




W( 5 ) 


= W (5 ) 


+ A 5 


>i + • • • + e 6 


) A w ei+ . 


■+e 6 


W( 6 ) 


= W( 6 ) 


+ A 6 


[ei + • • • + e 6 


) A w_ (ei 


+-+e 6 ) 



where G C and cDm is a 2-form on fjjj u>i£A 

W(fc)(ei-ej,-) = 0, Vl<i,j<3, 



(57) 



is closed. If, moreover, Im (£>(&)) is non-degenerate on f^flf)' 7 , iaen (^ fc - ) , a;^)) 
is an admissible pair and it defines a regular generalized complex structure 
on the real Lie group {E§) a . 

Proof. We only prove the statement for wm, the proofs for the remaining 
w (Jfe); 2 < < 6, being similar. Recall the formula for the exterior derivative 
of a covector (3 G 



d pW p(X,Y) = -P{[X,Y]), VX,Y G 



(5? 
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From (J57|) and (j58"j) . cDm is closed on 1^ (see also (j2"5|) ). Since the root 

€4 + £5 + e6 G -Rq 1 '' cannot be written as a sum of two roots, both from Rq , 
relation (158]) implies that 

ci^D (w e4+£5+£6 ) = -(e 4 + e 5 + e 6 ) A w e4+e5+e6 . (59) 

Also, 

^(i)(e 4 + e 5 + e 6 ) = 0, (60) 

where in fl60|) we used that e 4 + + e$ annihilates Span(i?Q 1 ' ) ' sym ) b . From fl59|) 
and ([60D, (e 4 + e 5 + e 6 ) A u e4 + e5 + e6 is closed on . Thus is also closed. 

□ 

Remark 28. 1. All regular q- admissible pairs (t, cu) from this section have 
the property that the root system Rq of £ is a a-positive system. The 
problem of constructing more general regular g-admissible pairs, with 
a-parabolic system R , is left open. 

2. In this paper we studied in detail regular generalized complex struc- 
tures on semisimple Lie groups. The problem of constructing invariant 
generalized complex structures on these groups, which are not regular, 
remains open. Further investigation in this direction is needed and will 
hopefully be done in a forthcoming paper. 
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